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By dimensionally reducing the ten-dimensional higher derivative type IIA string theory
effective action we place constraints on the automorphic forms that appear in the effective
action in lower dimensions. We propose a number of properties of such automorphic
forms and consider the prospects that E11 can play a role in the formulation of the higher
derivative string theory effective action.
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1. Introduction
The low-energy effective actions of the IIA and IIB string theories are the IIA [1-
3] and IIB [4-6] supergravity theories. Furthermore eleven-dimensional supergravity [7]
is the low-energy effective action of one of the limits of M-theory. The type IIA and
type IIB supergravity theories contain all perturbative and non-perturbative string effects
and as a consequence their study has lead to many aspects of what we now know about
string theory. Upon dimensional reduction of the IIA and IIB theories on an n torus, or
equivalently the eleven dimensional theory on an n+1 torus, to d = 10−n dimensions all
these theories become equivalent and possess a hidden En+1 duality symmetry [8-11]. The
IIB supergravity theory also possesses an SL(2, R) symmetry [4]. The four-dimensional
heterotic supergravity theory possesses an analogous SL(2, R) symmetry and taking into
account the fact that the brane charges are quantised [12,13] and rotated by this symmetry
it was proposed [14,15] that the four dimensional heterotic string theory was invariant
under an SL(2, Z) symmetry which included a transformation that mixed perturbative to
non-perturbative effects. This realisation was generalised to the En+1 symmetry of type
II theories in [16].
The higher derivative corrections to string theory have been most studied in the con-
text of IIB string theory where it was found that demanding that the theory is invariant
under the SL(2, Z) symmetry leads to the appearance of automorphic forms that place
very strong constraints on the theory [17-24]. For type IIB string theory compactified to
eight or nine dimensions, invariance under the corresponding U-duality groups similarly
lead to the appearance of automorphic forms [25-29]. The role of automorphic forms in
the low energy effective action of type II string theory was also discussed sometime ago in
seven and fewer dimensions [30,31]. More recently the higher derivative corrections of type
II string theories in less than ten dimensions, including dimensions less than seven, have
been systematically studied [32-39] and specific automorphic forms have been proposed
for certain higher derivative terms constructed from particular representations of En+1.
Furthermore the regulation of the divergences was carried out and precise predictions for
the perturbative series worked out in detail [34-38]. In particular these papers have gener-
alised the previous results in non-renormalisation theorems [25,28,40]. These studies have,
however, been limited to terms with relatively lower numbers of space-time derivatives
and very little is known about such terms in general. An exception was that of reference
[39] in which the dimensional reduction of arbitrary higher derivative terms in the IIB
theory on an n torus were compared with the result expected in 10 − n dimensions if an
En+1(Z) symmetry was present. In this way one was able to place some restrictions on the
representations used to construct the automorphic forms for an arbitrary higher derivative
correction. A similar analysis was also carried out but starting from eleven dimensions.
In this paper we will follow a similar approach to that of reference [39], but from the
view point of the IIA theory. In particular we will consider the dimensional reduction of
the higher derivative string corrections of the IIA theory on an n-dimensional torus to
d = 10− n dimensions. We will compare these with the higher derivative corrections that
arise in the d dimensional theory assuming that the theory is invariant under an En+1(Z)
symmetry and so possess a corresponding automorphic form built from a representation
of En+1(Z). This comparison allows us to place constraints on the representation used to
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construct the automorphic form that appears for any higher derivative correction. Indeed
we find that the highest weight ~Λn appears in the automorphic form, where ~Λn is the
highest weight of the fundamental representations of En+1 associated with node n. The
Dynkin diagram of En+1 with the labelling of the nodes is given in figure five. This strongly
suggests that each higher derivative correction contains an automorphic form constructed
from this fundamental representation.
In order to carry out the comparison we need to identify the fields that arise in the
dimensional reduction from ten dimensions with the fields that occur in the formulation of
the d-dimensional theory in which the En+1(Z) symmetry is manifest, and in particular
the scalar fields from which the automorphic form is constructed. This identification can
be carried out in the context of the supergravity theories. The most obvious technique is to
explicitly carry out the dimensional reduction of the supergravity theory and reformulate
the theory with the manifest En+1(Z) symmetry, but this is rather lengthy and complicated
involving dualisations and other subtleties. In this paper we will use the E11 formulation
of the IIA theory [43,55]. In this formulation the fields of the theory are in one to one
correspondence with the generators of the Borel subalgebra of E11. As the E11 algebra
contains in an obvious way the En+1 algebra, the correspondence between the scalar fields
that appear in the non-linear realisation of En+1 and the E11 generators is easily found.
However, the correspondence between the E11 generators and the fields usually used to
formulate the IIA supergravity theory is known from the formulation of this theory as a
non-linear realisation at lowest levels in E11 [41,43]. Thus one finds the desired relation
between the fields of the IIA theory and the scalars fields associated with En+1 in a simple
way. We note that although there is strong evidence for the conjecture that E11 is an
underlying symmetry of the theory of strings and branes our use of E11 in this paper does
not rely upon the E11 conjecture holding.
After discussing the consequences of the results of this paper we make a number
of proposals for the properties of the automorphic forms that occur in string theory for
any number of space-time derivatives. We also consider the possibility that the higher
derivative effective action admits an E11 formulation.
2. The Dimensional Reduction
The bosonic field content of type IIA supergravity in ten dimensions consists of a
scalar (the type IIA dilaton φ), a NS-NS three form field strength F˜µ1µ2µ3 constructed
from the NS-NS two form gauge field A˜µ1µ2 , in addition to two R-R form field strengths
F˜µ1µ2 , F˜µ1µ2µ3µ4 constructed from the R-R gauge fields A˜µ1 and A˜µ1µ2µ3 . In Einstein
frame, the bosonic part of the type IIA supergravity action is given by [1,2,3],
SIIA =
1
2κ210
∫
d10xdet(e˜)
(
R˜ − 1
2 · 4!e
1
2
φF˜µ1µ2µ3µ4 F˜
µ1µ2µ3µ4 − 1
2 · 3!e
−φF˜µ1µ2µ3 F˜
µ1µ2µ3
− 1
2 · 2!e
3
2
φF˜µ1µ2 F˜
µ1µ2 − 1
2
∂µφ∂
µφ
)
, (2.1)
where κ10 is a constant related to the Newton constant in ten dimensions and
F˜µ1µ2 = 2∂[µ1A˜µ2],
3
F˜µ1µ2µ3 = 3∂[µ1A˜µ2µ3],
F˜µ1µ2µ3µ4 = 4
(
∂[µ1A˜µ2µ3µ4] + A˜[µ1 F˜µ2µ3µ4]
)
. (2.2)
We have suppressed the Chern-Simons term since it will not play a part in our analysis.
The type IIA supergravity action possesses a GL(1, R) symmetry, that manifests itself
through a shift of the type IIA dilaton and a scaling of the other fields. One can introduce
the following combinations of the field strengths and dilaton that are inert under GL(1, R)
transformations
F˜µ1µ2µ3µ4 = e
1
4
φF˜µ1µ2µ3µ4 ,
F˜µ1µ2µ3 = e−
1
2
φF˜µ1µ2µ3 ,
F˜µ1µ2 = e
3
4
φF˜µ1µ2 . (2.3)
In fact these are just the non-linear representations of GL(1, R) constructed from the linear
representations in the usual way (see appendix A). They are inert, as the local subalgebra is
the identity group. Rewriting the action with these objects effectively absorbs the dilaton
factors multiplying the field strengths in (2.1), the action then becomes
SIIA =
1
2κ210
∫
d10xdet(e˜)
(
R˜ − 1
2 · 4! F˜µ1µ2µ3µ4 F˜
µ1µ2µ3µ4 − 1
2 · 3! F˜µ1µ2µ3F˜
µ1µ2µ3
− 1
2 · 2! F˜µ1µ2F˜
µ1µ2 − 1
2
∂µφ∂
µφ
)
. (2.4)
In this paper we are interested in the dimensional reduction of a generic ten dimen-
sional type IIA higher derivative term which may be written as∫
d10xdet(e˜)∂ l˜0R˜
l˜R
2 (P˜µ1)
l˜1(F˜µ1µ2)l˜2F˜µ1µ2µ3)l˜3 (˜Fµ1µ2µ3µ4)l˜4Φs˜, (2.5)
where Φs˜ is a function of φ that is of the form Φsˆ = e
−s˜φ. Dimensional reduction on an n
torus to a theory in d = 10− n dimensions is achieved using the metric compactification
ansatz
ds˜210 = e
2αρgµνdx
µdxν + e2βρGij
(
dxi + Aiµdx
µ
) (
dxj + Ajνdx
ν
)
, (2.6)
where the background and internal metrics are denoted gµν and Gij respectively, with the
internal metric satisfying det(G) = 1 and
α =
√
n
2 (d− 2) (D − 2) , β = −
(d− 2)α
n
. (2.7)
For us in this paper D = 10. The internal vielbein is given by ei
kej
lδkl = Gij and satisfies
det(e) = 1. Tangent internal indices possess an underline as shown. The gauge fields are
dimensionally reduced in the obvious way using world indices i.e. A˜µˆ, µˆ = 0, . . . , 9 is set
equal to Ai if µˆ = i, i = d+ 1, . . . , 9 and Aµ if µˆ = µ, µ = 0, . . . , d.
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We will be interested in the dependence of the above ten dimensional higher derivative
correction in string frame. The transition from Einstein frame to string frame is given by
e˜ = e−
φ
4 e˜s. The term in (2.5) then leads to the factor
e
φ
4 (l˜0+l˜R+l˜1+5l˜2+l˜3+5l˜4−10−4s˜). (2.8)
At order g in perturbation theory we have the contribution eφ(2g−2) and so for a pertur-
bative contribution we find
s˜ =
1
4
(
l˜0 + l˜R + l˜1 + 5l˜2 + l˜3 + 5l˜4 − 2− 8g
)
. (2.9)
The dimensionally reduced theory will contain field strengths of the form Fµ1...µpi1...ik
where the internal indices i1, . . . , ik are world volume indices. The theory in d dimen-
sions possesses the GL(1, R) symmetry of the IIA theory, but in addition has an SL(n, Z)
symmetry corresponding to diffeomorphisms that are preserved by the torus. We can
convert the internal world indices to tangent frame indices using the inverse internal viel-
bein. However, as explained in reference [39] page 5, the internal vielbein is just the
group element of the non-linear realisation of SL(n) with local subgroup SO(n) in the
vector representation. Carrying this out on the GL(1, R) inert objects of equation (2.3) we
find FSl(n)⊗GL(1) j1...jk , with any space-time indices suppressed, which converts to tangent
space as follows [32]
FSl(n)⊗GL(1) i
1
...i
k
= (e−1) j1i
1
...(e−1) jki
k
Fj1...jk , (2.10)
where ei
k is the vielbein on the torus and Fj1...jk transforms in the linear representation
of SL(n) with highest weight λk. Thus FSl(n)⊗GL(1) i1...ik transforms as a non-linear
representation constructed from a linear representation in the standard way (see appendix
A, equation (A.8)), in this case its non-linear transformations are contained in a matrix
belonging to SO(n). This is consistent with the usual action of the tangent space group
on the vielbein. Hence, if we use tangent space internal indices then the SL(n) symmetry
will be essentially manifest as long as we construct SO(n) invariants.
If we denote the part of the group element of the non-linear realisation of SL(n) with
local subgroup SO(n) which contains the Cartan generators H of SL(n) by gSl(n) = e
H.φ
k
then the dimensionally reduced field strength FSl(n)⊗GL(1) i
1
...i
k
carries a factor of eφ.[λk]
where λk is the SL(n) representation with highest weight λk and [λk] is a weight in this
representation. When written in terms of the field strengths using equation (2.3) we also
find exponential factors involving the dilaton. One can incorporate these automatically
by considering the group SL(n)⊗GL(1) with the group element gSl(n)⊗GL(1) = eφReH.φk
where R is the generator of GL(1, R).
The dimensional reduction of terms containing field strengths in the IIA higher deriva-
tive theory will lead to terms containing the object FSl(n)⊗GL(1) of equation (2.10) multi-
plied by exponentials of the field ρ which arise from dimensional reduction using the ansatz
of equation (2.6). The field strength of equation (2.10) has a ρ factor given by e−kβρ. If we
were to convert the space-time world indices to tangent indices then we would also acquire
a factor e−pαρ if we have p space-time indices.
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The derivatives of the scalars, including the dilaton, are contained in the part of the
Cartan form of SL(n) ⊗ GL(1) which changes by a minus sign under the action of the
Cartan involution, and is denoted by PSL(n)⊗GL(1). The action of the Cartan involution
on SL(n) generators is such as to lead to SO(n) being the invariant group and on the
generator R it acts with a minus sign.
After dimensional reduction, the IIA theory including the higher derivative terms
can be expressed in terms of the scalar curvature R, which is an SL(n) singlet, the
PSL(n)⊗GL(1,R) part of the Cartan forms of SL(n) ⊗ GL(1, R) and the field strengths
FSL(n)⊗GL(1,R) µ1...µpi1...ik which transform as non-linear representations of SL(n)⊗GL(1, R).
3. The En+1 formulation in d dimensions
As is well known, the type II supergravity theories in d dimensions possess an En+1
symmetry [7-11,4]. Their actions are bilinear in the space-time derivatives and include the
Riemann curvature, and squares of the field strength and the derivatives of the scalars.
The metric, in Einstein frame, transforms as a singlet of En+1 and therefore the Riemann
curvature is invariant under En+1 transformations. The scalars belong to the non-linear
realisation of En+1 with a local subgroup Hn+1 which is the maximal compact subgroup.
The latter is just the Cartan involution invariant subgroup. This means that the scalars
are contained in a group element gEn+1 ∈ En+1 which transforms as gEn+1 → g0gEn+1
where g0 ∈ En+1 is independent of space-time and also gEn+1 → gEn+1h where h ∈ Hn+1
and is an arbitrary function of space-time. We can write the Cartan subalgebra part of
the group element as gEn+1 = e
~φ. ~H where ~H are the n + 1 Cartan subalgebra generators
of En+1, which we have written as a vector. The corresponding scalar fields are written as
the vector ~φ.
The non-linear realisation essentially specifies how the scalars appear in the action.
In particular, the derivatives of the scalars occur as Cartan forms of En+1 in the coset
directions. In terms of our group element gEn+1 , the Cartan forms which are given by
g−1En+1dgEn+1 in the coset directions, are denoted PEn+1 . When evaluated they contain the
roots ~α in the form e
~φ.~α where ~α are the roots of En+1.
The gauge fields occur in the field strengths F that transform as linear representations
of En+1 with highest weight ~Λ say. However, we can convert a linear representation of
En+1 into a non-linear representation using a group element g
−1
En+1
. Explicitly, the non-
linear representation |F〉 constructed from a linearly realised field strength |F 〉 is given by
[32]
|FEn+1〉 = L(g−1En+1)|F 〉, (3.1)
where L((gEn+1(ξ))
−1) is the representation with highest weight ~Λ. From equation (3.1)
we find that the non-linearly realised field strength |FEn+1〉 contains a dependence on the
scalars ~φ which is given by e
~φ.[~Λ] where [~Λ] is a weight in the the En+1 representation with
highest weight ~Λ.
If one dimensionally reduces, for example, the IIA supergravity action in ten dimen-
sions and keeps track of the scalars that appear in the form e
~φ.~w then one finds that ~w
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are proportional to the roots of En+1. Indeed, this is the simplest way to see that the
dimensionally reduced theory is very likely to possess a En+1 symmetry.
Using the same arguments, a generic higher derivative term in d dimensions can be
written as a polynomial in the Riemann curvature, the non-linearly realised field strengths
and Cartan forms PEn+1 , but it is also multiplied by a function of the scalar fields. Assum-
ing that the higher derivative term as a whole is invariant under an En+1 transformation
implies that this non-holomorphic function must be an object that transforms under En+1
transformations like an automorphic form. We can expect that this automorphic form is
built out of a particular representation, of En+1 with highest weight ~Λ say. We write the
states of this representation in the form |ψ〉 = ni|~µi > where |~µi > are a basis of the
representation, ~µi are the weights in the representation and ni are integers. To be more
precise it is constructed out of the non-linear representation of En+1 constructed from this
representation using the scalars, that is, it is constructed out of the function |ϕ〉, defined
by
|ϕ〉 = L(g−1En+1)|ψ〉. (3.2)
It is obvious that |ϕ〉 contains terms where the scalar fields occur in the form e~φ.[~Λ]. The
automorphic form is a function of |ϕ〉 and for the examples that are understood it is of the
generic form ∑
ni
< ϕ|ϕ >−s, (3.3)
for some constant s. The automorphic form of equation (3.3) will always contain a term
with scalar field dependence given by e−
√
2s~Λ.~φ, where ~Λ is the highest weight of the
representation used to build the automorphic form. This construction is described in more
detail in reference [34]. The use of integers corresponds to the fact that the symmetry
group for the higher derivative terms is discretised since the charges of the theory obey a
quantisation condition. In fact we are using the Chevalley definition of the discrete group;
that is the one generated by e±Ea , e±Fa and e±Ha where Ea, Fa and Ha are the Chevalley
generators. We thank Lisa Carbone for this point.
In this paper we will refer to the formulation of a higher derivative term in d dimen-
sions just described as the En+1 formulation. A term in the higher derivative effective
action will contain an exponential of the scalar fields ~φ of the form e
√
2~w·~φ where ~φ is the
field we introduced earlier in this section. Our task is to compare this with the equivalent
factor that arises in the dimensional reduction. However, in order to compare the En+1
formulation of the type IIA theory in d dimensions with the dimensionally reduced for-
mulation discussed in the previous section we need to know the relationship between the
fields that occur in the dimensional reduction, namely the fields φ, ρ and φ, where φ is
an n − 1-dimensional vector and those that occur in the En+1 formulation, namely the
n+ 1-dimensional ~φ. This will be given in the next section.
4. The E11 formulation
The eleven dimensional, IIA and IIB supergravity theories, as well as the maximal type
II supergravity theories in lower dimensions, can be formulated as non-linear realisations
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[41,42,43]. The non-linear realisations of the Kac-Moody algebra E11, at low levels, leads
to all of these theories [42-47]. As such E11 encodes the fields of each of these theories
and provides us with a way of relating the fields in the different theories to each other[55].
In fact the fields of these theories are in one to one correspondence with the generators of
the Borel subalgebra of E11 in the group decomposition, explained below, appropriate to
each theory. It has been conjectured that non-linear realisations of the Kac-Moody algebra
E11 are extensions of all these supergravity theories [42-47]. However, we will not use this
conjectured E11 result in this paper.
A Kac-Moody algebra is formulated in terms of its Chevalley generators, which include
those in the Cartan subalgebra denoted by Haˆ, aˆ = 1, 2, . . .11. As such, the E11 group
element that occurs in the non-linear realisation is of the form gE11 = e
φaˆHaˆ provided we
restrict our attention to the part that is in the Cartan subalgebra. Indeed, as there is
an essentially unique formulation of E11 in terms of its Chevalley generators, the eleven
dimensional, IIA , IIB and d dimensional theories viewed as non-linear realisations have
a common origin and their fields can be mapped into each other in a one to one manner
[42-47]. It is this property that we are going to exploit.
The E11 Kac Moody algebra is encoded in the Dynkin diagram
11
•
|
• − . . . − • − • − • − • − •
1 6 7 8 9 10
Figure 1. The E11 dynkin diagram
The eleven dimensional theory emerges if we decompose the E11 algebra in terms
of the algebra that results from deleting the exceptional node labelled eleven, namely the
algebra GL(11). This subalgebra has the generators K aˆbˆ, aˆ, bˆ = 1, . . . , 11 and it includes
all the Cartan subalgebra generators of E11; the relation being [43]
Haˆ = K
aˆ
aˆ −K aˆ+1aˆ+1, aˆ = 1, . . . , 10,
H11 = −1
3
(
K11 + ...+K
8
8
)
+
2
3
(
K99 +K
10
10 +K
11
11
)
. (4.1)
The first ten generators being the Cartan subalgebra generators of SL(11).
The contribution of the GL(10) subgroup to the E11 group element in the non-linear
realisation is of the form
ex
aˆPaˆehaˆ
bˆKaˆ
bˆ , (4.2)
where we have added the space-time translation generators P aˆ. This is known to give rise
to eleven dimensional gravity and as a result the line in the above Dynkin diagram, that
is from nodes one to ten inclusive, is known as the gravity line. Indeed the Cartan form
for this subgroup is given by
g−1dg = dxµˆeˆµˆaˆPaˆ + (e−1de)aˆbˆK aˆbˆ. (4.3)
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It turns out that eµ
a = (eh)aˆ
bˆ is the eleven-dimensional vielbein.
We may set the different formulations of the E11 group element to be equal and,
restricting to the Cartan subalgebra, we find that
eφˆaˆHˆaˆ = ehaˆ
aˆKaˆaˆ . (4.4)
Comparing coefficients of K aˆaˆ using equation (4.1) we find the relations
φˆi = h
1
1 + h
2
2...+ h
i
i − i
2
11∑
j=1
hjj , for 1 ≤ i ≤ 8,
φˆ9 = h
1
1 + h
2
2...+ h
9
9 − 3
11∑
j=1
hjj ,
φˆ10 = h
1
1 + h
2
2...+ h
10
10 − 2
11∑
j=1
hj j ,
φˆ11 = −3
2
11∑
j=1
hjj . (4.5)
The full non-linear realisation of E11 leads, at low levels and with the decomposition to
GL(11), to the eleven dimensional supergravity theory. However, in this paper we are
interested in only the fields associated with the Cartan subalgebra parts of the algebra,
hence the above restriction.
Let us now consider the ten-dimensional IIA theory which is obtained from eleven
dimensions by dimensional reduction on a circle. In this process, the diagonal components
of the eleven dimensional metric result in the diagonal components of the ten dimensional
metric and a scalar φ, which is the dilaton of the IIA theory.
In terms of the E11 formulation we obtain the IIA theory by deleting nodes ten and
eleven of the Dynkin diagram below (see figure 2) leaving us with a GL(10) ⊗ GL(1)
algebra; the GL(10) algebra leads to ten dimensional gravity, for the same reasons as
occurred above in eleven dimensions, and the GL(1) factor leads to the IIA dilaton.
11 10
• •
| |
• − . . . − • − • − • − •
1 6 7 8 9
Figure 2. The E11 Dynkin diagram appropriate to the IIA theory
The gravity line is now the horizontal line of the Dynkin diagram of figure 2. The IIA
supergravity theory emerges from the non-linear realisation of E11 with this decomposition.
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Let us denote the generators of GL(10) by Kab, a, b = 1, . . . , 10 and let R be the
GL(1) generator. These contain the generators of the Cartan subalgebra of E11. The
group element in the Cartan subalgebra of E11 can therefore be written in the form
g = eh˜
a
aK
a
aeσR (4.6)
The tilde distinguishes the field from that in eleven dimensions. However, in terms of the
Chevalley generators in the Cartan subalgebra of E11, the group element has the same
form as in eleven dimensions, namely g = eφaˆHaˆ .
It turns out that the Cartan sub-algebra generators Haˆ of the E11 algebra and those
in the GL(10)⊗GL(1) algebra are related by [43]
Ha = K
a
a −Ka+1a+1, a = 1, ..., 9,
H10 = −1
8
(
K11 + ...+K
9
9
)
+
7
8
K1010 − 3
2
R,
H11 = −1
4
(
K11 + ...+K
8
8
)
+
3
4
(
K99 +K
10
10
)
+R. (4.7)
We note the useful relation R = 112(−
∑10
a=1K
a
a + 8K
11
11).
Equating the group element g in the Cartan subalgebra written in terms of the two
different sets of generators we find that
g = e
∑
10
a=1
h˜aaK
a
aeσR = eφ1(K
1
1−K22)...eφ9(K
9
9−K1010)
eφ10(−
1
8 (K
1
1+...+K
9
9)+ 78K
10
10− 32R)eφ11(−
1
4 (K
1
1+...+K
8
8)+ 34 (K
9
9+K
10
10)+R). (4.8)
Comparing the coefficients of the generators R and Kaa we find that
σ = −3
2
φ10 + φ11, h˜
1
1 = φ1 − 1
8
φ10 − 1
4
φ11,
h˜ii = −φi−1 + φi − 1
8
φ10 − 1
4
φ11, for 2 ≤ i < 9, h˜99 = −φ8 + φ9 − 1
8
φ10 +
3
4
φ11,
h˜1010 = −φ9 + φ10 + 7
8
φ10 +
3
4
φ11. (4.9)
We now consider the E11 formulation of the d-dimensional maximal supergravity
theory [42-47]. In the previous section we dimensionally reduced the IIA theory using the
ansatz of equation (2.6) to find the IIA dilaton φ of the original theory, and the 10 − d
scalars φ arising from the diagonal components of the metric Gij and the field ρ.
From the E11 perspective, the d-dimensional type II supergravity theory is found by
writing the E11 Dynkin diagram in the form given in figure 3 below.
11
•
|
• − . . . − ⊗ − . . .− • − • − • − •
1 d 7 8 9 10
10
Figure 3. The E11 Dynkin diagram appropriate to the
d-dimensional maximal supergravity theory
Deleting node d we find the residual algebra En+1 ⊗ GL(d); the latter algebra leads
in the non-linear realisation to d-dimensional gravity and the former algebra is the U-
duality group. Decomposing the E11 non-linear realisation into representations of En+1 ⊗
GL(d) we find, at low levels, the field content of the maximal supergravity theory in d
dimensions and indeed the supergravity theory itself. We can further delete nodes ten and
eleven, corresponding to the dimensional reduction of the IIA theory, and then we find the
subalgebra GL(d) ⊗ SL(n) ⊗ GL(1) ⊗ GL(1), in other words the En+1 algebra has been
decomposed into SL(n)⊗GL(1) ⊗GL(1). The SL(n) arises from the line in the Dynkin
diagram from nodes d + 1 to 9 inclusive while the GL(1) ⊗ GL(1) factors are essentially
the Cartan subalgebra elements associated with nodes ten and eleven. Since the SL(n)
algebra is part of the SL(10) algebra, arising from the gravity line, of the ten dimensional
IIA theory we conclude that it is the SL(n) symmetry preserved by dimensional reduction
on the n torus as discussed in section two. We note that SL(n)⊗GL(1)⊗GL(1) contains
all the Cartan subalgebra elements of E11 and that one of the GL(1) factors is the GL(1)
symmetry of the IIA theory, discussed above figure two. These two GL(1) factors lead in
the non-linear realisation to the fields φ and ρ.
The dimensional reduction ansatz of equation (2.6) is implemented in terms of E11 by
rewriting the group element of the IIA theory of equation (4.6) in the form
g = eh˙
a
aK
a
a+e1ρ
∑
d
a=1
Kaae
h˙iiK
i
i+e2ρ
∑
10
i=d+1
KiieσR. (4.10)
Here the Kab, a, b = 1, . . . d, are the generators of the GL(d) algebra associated with d-
dimensional gravity, Kij , i, j = 1, . . . , n are the generators of SL(n)⊗GL(1) and e1 and
e2 are constants. We have put a dot on the h fields to distinguish them from the analogous
fields used earlier in ten and eleven dimensions. Taking into account the introduction of
the field ρ we set
h˙d+1d+1 + h˙
d+2
d+2 + ...+ h˙
10
10 = 0. (4.11)
Introducing translation generators in d-dimensional space-time and internal space into
the group element by including the factor ex
aPa+x
iPi and computing the Cartan forms we
find the terms involving these new generators are given by the expression g−1
(
dxaPa + dx
iPi
)
g
which implies the identification
d∑
a=1
(
eh˙
a
a+e1ρ
)
dxaPa +
10∑
i=d+1
(
eh˙
i
i+e2ρ
)
dxiPi = e
αρe aµ dx
µPa + e
βρe ij dx
jPi. (4.12)
Taking e1 = α, e2 = β we do indeed recover the vielbeins as they appear in the dimensional
reduction ansatz of equation (2.5) provided we identify eµ
a = (eh˙)µ
a with the vielbein in
d-dimensional space-time and ei
j = (eh˙)i
j with the vielbein in the n-dimensional internal
space. Equation (4.11) implies that this latter vielbein satisfies the constraint det ei
j = 1
as required in the dimensional reduction ansatz. To find equation (4.12) we have dropped
various factors involving exponentials of the trace of h as these are interpreted as det e.
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We now discuss the En+1 formulation of the d dimensional theory given in section
three from the view point of the E11 non-linear realisation. For simplicity we will consider
only the case d ≤ 7. We saw from figure 3 that deleting node d leads to the algebra
GL(d)⊗En+1. By examining the E11 algebra one can find the generators of GL(d)⊗En+1
in terms of those of Kab, a, b = 1, . . . , 11, R
a1a2a3 etc. One finds that the generators of
GL(d) are Kab, a, b = 1, . . . , d and the Chevalley generators Ta, a = d + 1, . . . , 11 in the
Cartan subalgebra generators of En+1 are given by
Td+1 = K˙
d+1
d+1 − K˙d+2d+2, . . . T9 = K˙99 − K˙1010,
T10 = −1
8
(
K˙d+1d+1 + ...+ K˙
9
9
)
+
7
8
K˙1010 − 3
2
R˙,
T11 = −1
4
(
K˙d+1d+1 + ...+ K˙
8
8
)
+
3
4
(
K˙99 + K˙
10
10
)
+ R˙. (4.13)
where K˙ab = K
a
b − 1d−2δab
∑d
c=1K
c
c for a, b = d + 1, . . . , 10 and R˙ = R. We note
that the generators K˙ab obey the necessary condition [K˙
a
b, Pc] = 0 for a, b = 1, ..., 10 and
c = 1, . . . , d. In this last equation we have used the commutator [Kab, Pc] = −δacPb+ 12δabPc.
It is straightforward to verify that Ta = Ha, a = d + 1, . . . , 11 where these Ha are the
Chevalley generators of E11 given in equation (4.1), or equivalently from the IIA viewpoint
in equation (4.7). The E11 group element written in a way that displays the GL(d)⊗En+1
decomposition required in d dimensions and restricted to lie in the Cartan subalgebra can
be written as
g = e
∑
d
a=1
h˙aaK
a
ae
∑
11
a=d+1
ϕaTa . (4.14)
We have used that the GL(d) generators are Kab, a, b = 1, . . . , d and denoted the En+1
fields by ϕa, a = d+ 1, . . . , 11.
We can now equate the two different ways of expressing the E11 group element given
in equations (4.10) and (4.13), that is the one that implements the dimensional reduction
from the IIA theory to the one that has the GL(d)⊗En+1 decomposition in d dimensions.
Using equations (4.13) and (4.7) and keeping only terms involving Kaa, a = d+ 1, . . . , 11
we find the equation
e(h˙
d+1
d+1+e2ρ)Kd+1d+1 ...e(˙h
9
9+e2ρ)K9 9e(˙h
10
10+e2ρ)K1010eσR
= eϕd+1(K
d+1
d+1−Kd+2d+2)...eϕ8(K
8
8−K99)eϕ9(K
9
9−K1010)
eϕ10(−
1
8 (K
d+1
d+1+...+K
9
9)+ 78K
10
10− 32R)eϕ11(−
1
4 (K
d+1
d+1+...+K
8
8)+ 34 (K
9
9+K
10
10)+R). (4.15)
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Equating the coefficients of the generators Kaa and R we find the relations
h˙d+1d+1 + e2ρ = ϕd+1 − 1
8
ϕ10 − 1
4
ϕ11,
h˙d+2d+2 + e2ρ = −ϕd+1 + ϕd+2 − 1
8
ϕ10 − 1
4
ϕ11,
...
h˙88 + e2ρ = −ϕ7 + ϕ8 − 1
8
ϕ10 − 1
4
ϕ11,
h˙99 + e2ρ = −ϕ8 + ϕ9 − 1
8
ϕ10 +
3
4
ϕ11,
h˙1010 + e2ρ = −ϕ9 + 7
8
ϕ10 +
3
4
ϕ11,
σ = −3
2
ϕ10 + ϕ11.
(4.16)
Solving these equations for the En+1 fields we find that
ϕi = h˙
d+1
d+1 + h˙
d+2
d+2 + ...+ h˙
i
i + (n− 10 + i)
8
8− ne2ρ, d+ 1 ≤ i < 8,
ϕ9 = h˙
d+1
d+1 + h˙
d+2
d+2 + ...+ h˙
9
9 +
5n− 8
8− n e2ρ−
1
4
σ,
ϕ10 = −1
2
σ +
2
8− nne2ρ,
ϕ11 =
1
4
σ +
3
8− nne2ρ. (4.17)
In this section we have formulated theE11 algebra in terms of the Chevalley generators,
in particular the Cartan subalgebra generators Ha, a = 1, . . . , 11, however, in section three
we used the Cartan-Weyl basis with generators Hi, i = 1, . . . , 11. The advantage of the
latter basis is that acting on a state |Λ > of weight Λi, the generatorsHi, by definition, read
off the weight i.e. Hi|Λ >= Λi|Λ >. The two sets of generators are related by αiaHi = Ha
where αa are the simple roots and α
i
a is the i’th component. If we denote the fields in the
Cartan-Weyl basis by ϕ˜a. The corresponding fields are related by ϕ˜
iHi = ϕ
aHa which
implies the relation
ϕ˜i = ϕaαia, (4.18)
where αa are the simple roots of En+1 and the sum is over a = d+1, . . . , 11 and the same
for i. In addition, the fields ϕ˜i in the E11 group element are equal to the fields ϕi that
appear in the automorphic form, up to a numerical factor. We see, through comparing the
normalisations of the fields in the the E11 group element e
ϕ˜iHi and the automorphic form
group element e
− 1√
2
~ϕ. ~H
, that
~ϕ =
(
−
√
2ϕ˜1,−
√
2ϕ˜2,−
√
2ϕ˜
)
(4.19)
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Using equation (B.3) of appendix B and equation (4.18) we then find that the components
of the E11 group element fields ϕ˜i in Cartan-Weyl basis and the Chevalley basis are related
by
ϕ˜1 = xϕ10 = x
(
−1
2
σ +
(
2
8− n
)
ne2ρ
)
, (4.20)
ϕ˜2 = −λn−2.λn−1
y
ϕ10 + yϕ11
= −λn−2.λn−1
y
(
−1
2
σ +
(
2
8− n
)
ne2ρ
)
+ y
(
1
4
σ +
(
3
8− n
)
ne2ρ
)
,
(4.21)
and
ϕ˜ =
9∑
i=d+1
ϕiαi−d − ϕ10λn−1 − ϕ11λn−2. (4.22)
Note that
ϕ˜.αi = h˙
i
i − h˙i+1i+1, ϕ˜.λj =
d+j∑
i=d+1
h˙ii. (4.22)
5. Constraints on the automorphic forms
In this section we will compare the En+1 formulation in d dimensions given in section
three with the results of section two found by dimensionally reducing the IIA theory in
ten dimensions; as a result we will find constraints on the automorphic forms. In order
to carry out the comparison we will use the field relations of the last section. The field
strengths occurred in the En+1 formulation as the non-linear representations FEn+1 given
in equation (3.1), while the derivatives of the scalars occur in the Cartan forms PEn+1 .
These are constructed using the group element gEn+1 , however, this is just the E11 group
element restricted to lie in the subalgebra En+1 and it is given below equation (4.12). We
noted that if one deletes nodes 10 and 11 in the E11 Dynkin diagram the En+1 algebra is
reduced to SL(n)×GL(1)×GL(1).
In the dimensional reduction of the IIA theory we found a manifest SL(n) ⊗ GL(1)
symmetry; the first factor arises from the diffeomorphisms preserved by the torus while
the second factor is the GL(1) symmetry of the IIA theory in ten dimensions. As such, the
field strengths that appear in the dimensional reduction can be expressed in terms of the
non-linear representation of SL(n) ⊗ GL(1) denoted by FSl(n)⊗GL(1) and the derivatives
of the scalars in terms of the Cartan forms Psl(n)⊗GL(1).
Deleting nodes ten and eleven of the Dynkin diagram of figure 3 we find that En+1
decomposes into SL(n)⊗GL(1)⊗GL(1) and one can carry out the decomposition of the
non-linear representations that occur in the En+1 formulation. Clearly, the non-linear rep-
resentations of the field strengths FEn+1 will decompose into the non-linear representations
Fsl(n)⊗GL(1) with appropriate factors corresponding to the additional GL(1). The same
discussion applies to the derivative of the scalars which appear in PEn+1 and PSL(n)⊗GL(1).
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Given a particular term in the higher derivative effective action found by dimensional re-
duction and matching it with the En+1 formulation, the SL(n) ⊗ GL(1) parts will au-
tomatically agree and it is with the comparison of the other GL(1) factor that we find
non-trivial results.
It would be instructive to systematically carry out the decomposition of En+1 for-
mulation when decomposed to SL(n) × GL(1) × GL(1), but for our present purposes it
suffices to carry it out for the generators that belong to the Cartan subalgebra. With this
restriction the group element of En+1 is given, below equation (4.12), by gEn+1 = e
Haϕa ,
but an equivalent formulation, in terms of the field variables associated with dimensional
reduction, is given in equation (4.15). Matching these we found in equations (4.16) and
(4.17) how the fields ϕa, a = d+1, . . . , 11 correspond to the fields h˙
a
a, a = d+1, . . . , 10, ρ
and φ found in the dimensional reduction of the IIA theory. The additional GL(1)⊗GL(1)
group found in the reduction then corresponds to the Cartan subalgebra generators H10
and H11 or from the dimensional reduction view point to the fields ρ and φ.
We now consider the decomposition in more detail. One may write any root of En+1
in terms of its simple roots:
~α = mc~αn+1 + nc~αn +
n−1∑
i=1
mi~αi = nc
(
x,−λn−2.λn−1
y
, 0
)
+mc (0, y, 0)− ~λ, (5.1)
where ~λ = mcλn−2 + ncλn−1 −
∑n−1
i=1 ki~αi and we have used equation (B.3). The roots of
En+1 are labelled by the integers mc, nc which are referred to as the levels. If a represen-
tation of SL(n) occurs in the decomposition of the adjoint representation of En+1 then its
highest weight must appear on the right-hand side as one of the λ’s. We can examine which
representations occur level by level. At level nc = mc = 0 one obviously finds the adjoint
representation of SL(n). At higher levels the highest weights, and so representations, of
SL(n) that occur are given in the table below
mc = 1, nc = 0 mc = 0, nc = 1 mc = 1, nc = 1 mc = 2, nc = 1
λ2 λ1 λ3 0
mc = 3, nc = 1 mc = 2, nc = 2 mc = 3, nc = 2
0 λ6 λ1.
(5.2)
As such one finds that the weights in the adjoint representation of En+1 are given by
(
0, 0,
[
α1 + ...+ αn−1
])
, (0, y, [λ2]) ,
(
x,−λn−2.λn−1
y
, [λ1]
)
,
(
x,−λn−2.λn−1
y
+ y, [λ3]
)
,
(
x,−λn−2.λn−1
y
+ 2y, 0
)
,
(
x,−λn−2.λn−1
y
+ 3y, 0
)
,
(
2x,−2λn−2.λn−1
y
+ 2y, [λ6]
)
,
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(
2x,−2λn−2.λn−1
y
+ 3y, [λ1]
)
. (5.3)
The Cartan form PEn+1 belongs to the adjoint representation of En+1 and at level mc =
nc = 0 decomposes into the Cartan forms of SL(n). Using the decomposition of equation
(5.3) we see that at higher levels they decompose as follows
mc = 1, nc = 0 mc = 0, nc = 1 mc = 1, nc = 1 mc = 2, nc = 1
PSL(n)i1i2 PSL(n)i PSL(n)i1i2i3 PSL(n)i1i2...in
mc = 3, nc = 1 mc = 2, nc = 2 mc = 3, nc = 2
PSL(n)i1i2...in PSL(n)i1...i6 PSL(n)i.
(5.4)
We noted previously that the Cartan form PEn+1 contains a dependence on the scalars
~φ
in the form factor e
1√
2
~φ.~α
. Under the decomposition we find the SL(n) ⊗ GL(1) Cartan
forms PSL(n)⊗GL(1) and exponentials in ρ. Using equations (4.20)-(4.22), (B.3) and (B.4)
we find that the latter factors at level mc, nc are
e(2mc+nc)αρ(
8−n
n ). (5.5)
We now consider the terms that result from the dimensional reduction from the IIA
theory using the discussion of section two. The ten dimensional origins of the decompo-
sition of the adjoint representation of En+1 at each level may be found by examining the
SL(n) and space-time index structure. In particular,we see that the SL(n)⊗GL(1) Cartan
forms PSL(n)⊗GL(1) at levels (mc = 0, nc = 1), (mc = 1, nc = 0) and (mc = 1, nc = 1)
come from the dimensional reduction of the two form field strength F˜ai
1
i
2
, three form
field strength F˜ai
1
i
2
i
3
and four form field strength F˜ai
1
i
2
i
3
i
4
respectively. The Cartan
forms, at higher levels, are associated with the dimensional reduction of the dualised two,
three and four form fields strengths for levels (mc = 3, nc = 1), (mc = 2, nc = 2) and
(mc = 2, nc = 1) respectively, along with the dualised graviphoton at level (mc = 3, nc = 2).
We note that the dualised four form only appears as a Cartan form of SL(n)⊗ GL(1) in
d = 5, while the dualised three form is only present as a Cartan form of SL(n)⊗GL(1) in
d = 4. While the dualised graviphoton is a Cartan form of SL(n)⊗ GL(1) only in d = 3
and we also find the dualised two form is also realised as a Cartan form of SL(n). The
Cartan forms of SL(n)⊗ GL(1), arising upon dimensional reduction, carry one d dimen-
sional space-time index and (2mc + nc) internal indices. Therefore, each Cartan form of
SL(n)⊗GL(1), at a given level, occurs with an exponential of ρ which is given by
e−ρ(α+(2mc+nc)β) = e(2mc+nc)αρ(
8−n
n )e−αρ. (5.6)
Comparing with the result, given in equation (5.5), of the En+1 formulation we find a
surplus factor of e−αρ multiplying the dimensionally reduced term. We note that the
factors involving φ and φ will match automatically due to the automatic agreement of the
SL(n)×GL(1) part.
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To treat the other building blocks in the same way we must learn how to decompose
more general representations of En+1 into those of SL(n) × GL(1) × GL(1). To do this
we use the technique of reference [48]. If one wants to consider the representation of En+1
with highest weight Λi, associated with the node labeled i, we add a new node, denoted ⋆,
to the En+1 Dynkin diagram which is connected to the node labeled i by a single line to
construct the Dynkin diagram for an enlarged algebra of rank n + 2. Deleting the ⋆-node
we recover the En+1 Dynkin diagram and the representation of En+1 with highest weight
Λi is found in the adjoint representation of the enlarged algebra provided we keep only
contributions at level n⋆ = 1. Thus we find the decomposition of the representation of En+1
with highest weight Λi into representations of SL(n) × GL(1) × GL(1) by decomposing
the adjoint representation of the enlarged algebra but deleting the additional node and
keeping only contributions with n⋆ = 1 and deleting nodes 10 and 11 but keeping all levels
of mc and nc.
In the En+1 formulation of the effective action in d dimensions, the one form gauge
field, out of which the two form field strengths are constructed, appear in the represen-
tation with highest weight ~Λ1. The ~Λ1 representation of En+1 may be decomposed into
representations of SL(n), with an associated type IIA dilaton weight, level by level. At
level (mc, nc) one finds
mc = 0, nc = 0 mc = 1, nc = 0 mc = 0, nc = 1 mc = 1, nc = 1
λ1 λn−1 0 λn−2
mc = 2, nc = 1 mc = 2, nc = 2 mc = 3, nc = 1 mc = 3, nc = 2
λn−4 λn−5 λn−6 λn−1.
(5.7)
Therefore, the weights of the ~Λ1 representation are
(
1
2x
,
λ1.λn−2
y
, [λ1]
)
,
(
1
2x
,
λ1.λn−2
y
− y, [λn−1]
)
,
(
1
2x
− x, λ1.λn−2
y
+
λn−1.λn−2
y
, [0]
)
,
(
1
2x
− x, λ1.λn−2
y
− y + λn−1.λn−2
y
,
[
λn−2
])
,
(
1
2x
− x, λ1.λn−2
y
− 2y + λn−1.λn−2
y
,
[
λn−4
])
,
(
1
2x
− 2x, λ1.λn−2
y
− 2y + 2λn−1.λn−2
y
,
[
λn−5
])
,
(
1
2x
− x, λ1.λn−2
y
− 3y + λn−1.λn−2
y
,
[
λn−6
])
,
(
1
2x
− 2x, λ1.λn−2
y
− 3y + 2λn−1.λn−2
y
,
[
λn−1
])
. (5.8)
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From the weights, we see that the corresponding two form field strengths, at each
level, are
mc = 0, nc = 0 mc = 1, nc = 0 mc = 0, nc = 1 mc = 1, nc = 1
F ia1a2 Fa1a2i Fa1a2 Fa1a2i1i2
mc = 2, nc = 1 mc = 2, nc = 2 mc = 3, nc = 1 mc = 3, nc = 2
Fa1a2i1...i4 Fa1a2i1...i5 Fa1a2i1...in Fa1a2i.
(5.9)
After dualisation, any two form field strength will appear as a one form field strength
in d = 3 dimensions therefore we only need to consider two form field strengths in d ≥ 4
dimensions. One finds the maximum level that contributes is (mc = 3, nc = 2), in the
remaining dimensions any level (mc, nc) listed in the above decomposition will appear in
d dimensions if (2mc + nc − 1) ≤ n. The two form field strength at level (mc, nc) arises
through the dimensional reduction of the metric at level (0, 0), three form field strength
at level (1, 0), two form field strength at level (0, 1) and four form field strength at level
(1, 1). The higher levels in the decomposition of the representation with highest weight
~Λ1 are associated with the dimensional reduction of the dualised field strengths and the
graviphoton.
A two form field strength in some representation of SL(n) at level (mc, nc) in the
En+1 formulation of the IIA theory appears multiplied by the factor
e−
8
n
αρ−(2mc+nc)( 8−nn )αρ, (5.10)
where the factors associated with SL(n) fields φ and the IIA dilaton φ match those found
upon dimensional reduction. Comparing the volume with the dimensionally reduced two
form field strengths, which carry two d dimensional indices and 2mc + nc − 1 internal
indices and as a result appear multiplied by the factor
e−ρ(2α+(2mc+nc−1)β) = e−αρe−
8
n
−(2mc+nc)( 8−nn )αρ, (5.11)
we find that the two form field strengths in the dimensionally reduced type IIA effective
action carry an additional factor of e−αρ.
Three form field strengths appear in the type IIA effective action in d ≥ 6 dimen-
sions. In the En+1 formulation, the two form gauge fields, from which the three form field
strengths are constructed, lie in the representation with highest weight ~Λn. The ~Λn rep-
resentation decomposes into representations of SL(n) with an associated type IIA dilaton
weight, at level (mc, nc), in the following way
mc = 0, nc = 0 mc = 0, nc = 1 mc = 1, nc = 1 mc = 1, nc = 2
0 λn−1 λn−3 0.
(5.12)
This decomposition leads one to observe that the weights in the ~Λn+1 representation of
En+1 are(
1
x
, 0, 0
)
,
(
1
x
− x, λn−2.λn−1
y
,
[
λn−1
])
,
(
1
x
− x, λn−2.λn−1
y
− y, [λn−3]
)
,
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(
1
x
− 2x, 2λn−2.λn−1
y
− y, 0
)
. (5.13)
The three form field strengths, at level (mc, nc), are
mc = 0, nc = 0 mc = 0, nc = 1 mc = 1, nc = 1 mc = 1, nc = 2
Fa1a2a3 Fa1a2a3i Fa1a2i1i2i3 Fa1a2a3 . (5.14)
Any three form may be dualised to a lower degree form in d ≤ 5, therefore we need only
consider three form field strengths for n ≤ 4. For n = 4 all of the three form field strengths
listed above are present. For n < 4 a three form field strength, at level (mc, nc), will be
present if (2mc + nc ≤ n). The origin of the three form field strengths is clear, the three
form field strength at level (0, 0) is the dimensionally reduced three form field strength,
while the three form field strength at level (0, 1) is the dimensionally reduced four form
field strength. The remaining two levels are associated with the duals of the dimensionally
reduced three and four form field strengths. The decomposition of the ~Λn of En+1, at
level (mc, nc), leads to the En+1 formulation of the non-linearly realised three form field
strengths containing the factor of
e(−2+(2mc+nc)(
8−n
n ))αρ, (5.15)
again, we find the factors involving the IIA dilaton φ and the SL(n) fields φ agree with
the dimensionally reduced formulation. However, the three form field strengths in the di-
mensionally reduced formulation come with three space-time indices and 2mc+nc internal
indices, therefore they carry a factor of
e−ρ(3α+(2mc+nc)β) = e−αρe(−2+(2mc+nc)(
8−n
n ))αρ. (5.16)
Comparing the ρ factor of the En+1 formulation and the dimensionally reduced formu-
lation, one finds that the three form field strengths in the dimensionally reduced effective
action of the type IIA theory carry an additional factor of e−αρ. The four form field
strengths, which only exist in d ≥ 8 space-time dimensions follow the same pattern, with
the dimensionally reduced formulation containing an additional factor of e−αρ when com-
pared to the En+1 formulation of the effective action in d dimensions.
Thus, one finds that the surplus weight of any derivative of the scalars form or field
strengths in the dimensionally reduced formulation of the effective action of the type IIA
theory in d dimensions contains an additional factor of e−αρ when compared to the En+1
formulation in d dimensions. Thus we find an excess factor of e−αρ for every space-time
derivative in the effective action. The dimensionally reduced theory also carries a factor of
e−s˜φ from the ten dimensional automorphic form, where s˜ is given in equation (2.9) and is
fixed by demanding that, upon transforming to string frame, any term carries a factor of
eφ(2g−2) arising from a perturbative expansion in the ten dimensional IIA string coupling
constant gs = e
φ at order g. Also from the dimensional reduction of the det(e) from ten
dimensions we find a factor of e−2αρ. Therefore, we find that the dimensionally reduced
theory, when packaged up into objects transforming under En+1, has a surplus factor of
e−(lT−2)αρ−s˜φ. (5.17)
19
where lT = l˜0 + l˜R + l˜1 + l˜2 + l˜3 + l˜4 is the total number of derivatives and s˜ is given
in equation (2.9). We note that the factor of equation (5.17) can be written as e−
√
2~Λφ·~ϕ
where
~Λφ =
(
s˜√
2
, α
(lT − 2)√
2
, 0
)
=
(
lT − 2
4
+
3
4
(lRR − 2g)
)
~Λn +
1
2
(lRR − 2g) ~Λn+1. (5.18)
where lRR = l˜2 + l˜4 is the number of R-R fields in a given term.
The theory in d dimensions contains an En+1 automorphic form and this must account
for the missing factors. Therefore, we conclude that the automorphic form must contain
the weight ~Λφ. For a pure NS-NS term at g = 0, (i.e. setting l˜2=l˜4 = 0 and g = 0) the
leading order contribution to the automorphic form carries the weight
~Λφ =
(
lT − 2
4
)
~Λn. (5.19)
As such it is likely that the automorphic form is constructed from the representation with
highest weight ~Λn and with s =
(
lT−2
4
)
. The R-R terms are related to those in the NS-NS
sector by an SL(2, R) rotation and so are automatically accounted for.
6. Discussion of results and their consequences for the automorphic forms
of string theory
In this paper we have carried out the dimensional reduction of the higher derivative
corrections of the IIA theory and found that the En+1 automorphic forms that appear as
coefficients of the terms in the effective action in d = 10− n dimensions must contain the
fundamental weight Λn associated with node n of the En+1 Dynkin diagram of figure 5;
this corresponds to node ten in the E11 Dynkin diagram of figure 3. The well understood
En+1 automorphic forms that appear in string theory are constructed using a given repre-
sentation of En+1; the reader may, for example, consult the explicit construction of these
objects given in [34]. As such, the result of this paper strongly suggests that the auto-
morphic forms that occur in string theory are constructed from the representation with
highest weight Λn. More precisely, it implies that if the coefficient of the higher derivative
term is a sum of automorphic forms then one of them should be constructed from the
highest weight Λn as it could happen that the other automorphic forms do not occur in
the dimensional reduction from the IIA theory in ten dimensions. A similar analysis from
the IIB perspective gave the same result namely that the automorphic form contains the
weight Λn [39]. However, from the M theory perspective, that is from eleven dimensions, a
similar analysis found that the automorphic form contains the highest weight Λn+1 which
in the E11 Dynkin diagram of figure 3 corresponds to node eleven [39]. This result only
applies to terms that occur in the eleven dimensional theory. The calculation of this paper,
and that of reference [39] also determines the parameter s of equation (3.3) that occurs in
the automorphic form; for the IIA and IIB theories we find that s = lT−24 , while for M
theory we find that s = lT−2
6
where lT is the number of space-time derivatives in the term
in the effective action being considered.
We will now consider if the results just mentioned actually agree with the known
results in type II string theory. For low numbers of space-time derivatives there are precise
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proposals for the automorphic forms that occur and their properties have been checked
against the known features of the perturbation expansions of the type II strings [34, 35,
36,37]. One finds for the R4 term in d ≤ 7 that the En+1 automorphic form is built from
the representation with highest weight Λn and has s =
3
2
. This is completely consistent
with the results found from the IIA and IIB viewpoints. For the ∂4R4, or equivalently
R6, term in d ≤ 7 the En+1 automorphic form is also built from the representation with
highest weight Λn and has s =
5
2 . However, in d = 7 dimensions the coefficient of this
term is in fact a sum of two E4 = SL(5) automorphic terms [35,36,37], in addition to an
automorphic form constructed from the 5¯ of SL(5), with s = 52 one finds an automorphic
form built from the 1¯0 of SL(5) with s = 52 . Similarly, in d = 6 dimensions the coefficient
of the ∂4R4 term is the sum of an automorphic form constructed from the 10 of SO(5, 5),
with s = 52 and another automorphic form built from the 16-dimensional representation of
SO(5, 5) with s = 3. As these additional automorphic forms disappear in the limits being
considered, the known automorphic forms for the ∂4R4 term are also consistent with the
results found from the dimensional reduction of the type IIA and type IIB theories.
However, dimensional reduction of the higher derivative correction of the eleven di-
mensional theory [39] suggests that the automorphic forms are constructed from the repre-
sentation with highest weight Λn+1. At first sight this is inconsistent with the automorphic
forms that are known to be present. However, in seven dimensions, i.e. for SL(5), for the
R4 term this would imply in particular that the automorphic form constructed from the
5¯ of SL(5) with s = 32 is proportional to the automorphic form constructed from the 5 of
SL(5) with s = 1. In fact this relation follows from the observation that an automorphic
form constructed from a given representation and another automorphic form constructed
from the corresponding Cartan involution twisted representation are related by two suit-
able values of s [34]. The same holds for the automorphic forms associated with the R4
terms in lower dimensions as one knows [37] that the automorphic form constructed from
the representation of En+1 with highest weight Λn and s =
3
2
, i.e Φ
En+1
Λn;
3
2
is proportional
to the automorphic form constructed from the representation of En+1 with highest weight
Λn+1 and s = 1, i.e Φ
En+1
Λn+1;1
, that is [37]
Φ
En+1
Λn;
3
2
∝ ΦEn+1Λn+1;1. (6.1)
Some examples of relationships of this type were also found in reference [31]. Consequently,
the known automorphic forms that occur for the R4 term are also in agreement with the
prediction from the M theory viewpoint. However, one can not apply the M theory results
to the R6 term as this term does not occur in the higher derivative effective action in eleven
dimensions and so is not included in the analysis from the M theory viewpoint given in
[39]. Indeed, the only terms that occur in eleven dimensions that involve, for example, the
Riemann curvature are of the form R3n+1, for n a positive integer.
Given the above discussion, it is tempting to suppose the following
[A] The automorphic forms that occur as coefficients of the higher derivative terms in the
string theory effective action must contain an automorphic form constructed from the
Λn representation of En+1.
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[B] The automorphic forms that occur in string theory and built from the Λn representa-
tion of En+1 are the same as the automorphic forms built from the Λn+1 representation
of En+1 up to a numerical factor.
The first statement is phrased so as to allow for the possibility that the coefficient
is a sum of automorphic forms one or more of which may disappear in the limit. The
second statement only applies to automorphic forms of higher derivative terms that occur
in eleven dimensions.
The automorphic forms that are used in the recent work of [35-37] are those that
appear in the work of Langlands, and they are eigenfunctions of the Laplacian and the
higher Casimir operators of En+1. However, those that are constructed in equation (3.3)
are not in general eigenfunctions of these operators. However, one can impose constraints
on the representations used to construct the automorphic forms and they then do become
eigenfunctions of the Laplacian and higher Casimir operators. This has been worked out
explicitly for the case of six dimensions, i.e. for SO(5, 5) with the ten dimensional vector
representation where the constraint is that the length squared of this vector vanishes.
Indeed only if this constraint is implemented is the perturbation series in agreement with
that found in string theory; this part of the automorphic form has been checked in detail
to agree with the SO(5, 5) Langlands automorphic form for this representation [34]. It
remains, however, to carry out the analogue of this construction for the higher rank groups
and representations. It is interesting to note that at least the constant part of the Langlands
automorphic forms can be written as a sum of the Weyl group and this, being a rotation,
preserves the lengths of vectors and those vectors that do occur must belong to a single
orbit. As such, it is likely that the Langlands automorphic forms will involve constraints
on the representations used and will agree with the automorphic forms of equation (3.3)
once one imposes the appropriate constraints.
As we have mentioned, the detailed studies of the automorphic forms in the low energy
effective action of type II string theory have only concerned terms which have low numbers
of space-time derivatives. However, it is known that the automorphic forms that occur as
coefficients of the higher derivative terms in ten dimensions that have more than twelve
space-time derivatives, are not eigenvalues of the Laplacian and so they can not be the
Eisenstein automorphic forms found say in the Langlands papers [37]. As a result the
automorphic forms that occur for these higher derivative terms are essentially unknown.
This paper and reference [39] puts some constraints on these objects. We have tacitly
assumed that all of the automorphic forms that appear as the coefficient functions of the
higher derivative terms are constructed from a representation of En+1. Although the form
of equation (3.3) may not be correct in general, even with constraints, the automorphic
forms will still have a dominant behaviour of the form e−swφ in the limit studied in this
paper, so they will contain a parameter s.
We will now comment on the significance of the representations that occur in the
automorphic forms. The brane charges of type II string theory in d-dimensions belong
to representations of En+1. In fact, there is very substantial evidence to believe that all
brane charges belong to the l1 representation of E11. Carrying out the decomposition of
the l1 representation we find the brane charges in d dimensions; they are listed in table
one [49-51]. The first entries of the table agree with that found earlier using U duality
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transformations [52]. Examining the table we find that the string charges, i.e Za, are in
the Λn representation, the membrane charges, i.e Z
ab, are in the Λn+1 representation and
the point particle charges, i.e Z, are in the Λ1 representation. Thus the above propositions
can be expressed as
[A] The automorphic forms that occur as coefficients of the higher derivative terms in the
string theory effective action are constructed from the string charge representation.
We may very generically write these automorphic forms as Φstring.
and that
[B] The automorphic forms that occur in string theory built from the string charge repre-
sentation are the same as the automorphic forms built from the membrane charge
representation, up to a numerical factor. We may very generically write this as
Φstring = Φmembrane.
As before the latter proposition only applies to the terms that have an eleven-dimensional
origin. It is of course very natural that the string and membrane charge representations
found in the automorphic forms arise from the dimensional reduction of the ten dimensional
IIA and IIB string theories and the eleven dimensional theory respectively.
It was also observed in reference [37] that the automorphic form for the R4 term are
related to those built from the Λ1 representation as follows
Φ
En+1
Λn;
3
2
∝ ΦEn+1
Λ1;
n−2
2
(6.2)
for n = 4, 5, 6, 7 while for the R6 term
Φ
En+1
Λn;
5
2
∝ ΦEn+1
Λ1;
n+2
2
(6.3)
for n = 4, 5, 6, 7.
Since the charges for the point particle belong to the Λ1 representation we are also
tempted to propose that
[C] The automorphic forms that occur in string theory are built from the string charge
representation are the same as the automorphic forms built from the point charge
representation up to a numerical factor. We may generically write this as Φstring =
Φpoint.
For the case of d = 7 with the group SL(5) this would require that the automor-
phic forms constructed from the 5¯ and 10 representations were the same for appropriate
representations. In fact the automorphic forms constructed by Langlands for the two rep-
resentations Λ and Λ′ are proportional if the vectors λ = 2sλ − ρ and λ′ = 2s′λ′ − ρ are
related by a Weyl reflection. The Weyl vector ρ can be written as ρ =
∑
a Λa where Λa
are the fundamental weights. For our case we should take Λ = Λ3 and Λ
′ = Λ1. Since
Weyl reflections are rotations they preserve the length squared and one finds that λ2 = λ′2
for s = 32 if s
′ = 2 or s′ = 12 and for s =
5
2 if s
′ = 52 . Indeed one can show that for s =
3
2
and s′ = 1
2
and also for s = 5
2
= s′ there is a Weyl reflection of the required kind and
so the relations of equations (6.2) and (6.3) do extend to the case of n = 3 are required.
This is most easily found by writing the vectors λ and λ′ in terms of the orthonormal basis
ea, a = 1, 2, 3, 4, 5 in terms of which the simple roots take the form αa = ea − ea+1. As
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Weyl reflections permute the ea basis it is straightforward to see if the two vectors are
related by a Weyl reflection.
The presence of the highest weights Λn and Λn+1 in the automorphic forms was de-
duced from dimensional reduction from the IIA (or IIB) theories and M theory respectively,
but as we noted above these representations correspond to nodes that are among those
deleted to find these theories as non-linear realisations of E11. As such one may suspect
that dimensionally reducing the theory from d+1 to d dimensions will lead to the constraint
that the automorphic form will contain the Λ1 representation.
7. E11 automorphic forms and higher derivative corrections
The E11 conjecture [43] involves a particular real form of E11 and has so far been
applied to the low energy effective actions of string theory, that is, the supergravity theories.
As such it involves taking this form of E11 over the real numbers. However, we know that
E11 rotates the brane charges, and as these are quantised [12,13], for the full quantum
string theory, we should only consider a version of E11 which is over a discrete field rather
than the real numbers. In particular, it should preserve the brane charge lattice which
belongs to the l1 representation [56,48,49,50]. We note that, since E11 includes the Lorentz
group even this subgroup should be taken over a discrete field. As such, it is not clear, at
least at first sight, how the E11 conjecture can apply to the higher derivative terms and
how the theory of non-linear realisations can be applicable?
The way the scalar fields occur in the low energy effective actions, i.e. supergravity
theories, is controlled by the fact that they belong to a non-linear realisation. The non-
linear realisation for a group G, which does not involve space-time generators, with a local
subgroup H is constructed from a group element g(ξ) which is a function of space-time
and is subject to the transformations g(ξ)→ g0g(ξ) and g(ξ)→ gh(ξ) where h belongs to
the local subalgebra H and is also a function of space-time and g0 is just an element of the
group G which is independent of space-time. The ξ parameterise the group element and
in the context of the supergravity theories these are the scalars of the theory which are
themselves functions of space-time. This statement is true for all scalar fields that belong
to the supergravity multiplet; for the type II theories in d = 10−n dimensions G = En+1.
In supergravity theories the space-time derivatives of the scalars are contained in the
Cartan forms, while the space-time derivatives of the other fields occur together with the
scalar fields in just such a way that it converts the linear representations to which they
belong into non-linear representations using the group element g(ξ). This construction has
already been used in this paper and is described in the appendix A.
As we have mentioned the higher derivative terms of the string effective action in
d = 11−n−1 dimensions are conjectured to be invariant under a discrete En+1 symmetry.
In the effective action the space-time derivatives of the scalars and all the other fields
occur in precisely the same way as the supergravity theories; the space-time derivatives
of the scalars appear as part of the Cartan forms and the derivatives of the other fields
arise in a non-linear representation of En+1. However, each term in the higher derivative
effective action can have a coefficient that is an automorphic form rather than a constant
as is the case of the supergravity theories. The automorphic forms of the type, briefly
described around equation (3.3), and used in references [34] and also the automorphic
forms of Langlands used in [35-37] are constructed from a given representation of G using
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precisely the same group element gEn+1(ξ) except for the fact that the g0 transformation
is now over the corresponding discrete group. Indeed the automorphic form is constructed
from the non-linear representation, that is, |ϕ >= I(g−1En+1)|ψ > where the |ψ > carry
the linear representation. Hence although the higher derivative string effective action is
only invariant under a discrete En+1 symmetry it is constructed using much of the same
machinery as the En+1 non- linear realisation that arises in the supergravity theories.
Let us now examine if the building blocks used to construct the higher derivative
effective action appear in the non-linear realisation of E11 appropriate to d dimensions.
The E11 group element has the generic form [43,44,45]
gE = e
ha
bKabeA·R . . . gE+1(ξ) (7.1)
where gE(ξ) contains the scalar fields and it is the group element used in the non-linear
realisation of En+1 as just mentioned in the previous paragraph. The Cartan forms of the
E11 group element of equation (6.4) contain the En+1 Cartan form of the scalars and the
derivatives of the other fields as non-linear representations of En+1. As such the E11 non-
linear realisation contains all the building blocks of the higher derivative effective action,
including the group element gE+1 which was used to construct the automorphic forms; the
one exception is the representation used to construct the automorphic forms.
Space-time is introduced into the E11 theory by considering the fundamental repre-
sentation of E11 associated with node one, denoted l1 [56]. In particular one takes the
non-linear realisation of the semi-direct product of E11 and generators that belong to the
l1 representation, denoted E11⊗s l1. The corresponding group element is given by g = glgE
where gE is the group element of E11, given in equation (7.1), and gl, in d dimensions, is
of the form [56]
gl = e
xaPaez·Zeza·Z
a
ezab·Z
ab
. . . (7.2)
where Pa, Z, Z
a, . . . are the generators that belong to the l1 representation decomposed
into representations of GL(d)⊗ En+1. In particular Pa are the space-time translations in
d dimensions, Z are the scalar, that is point particle, charges, Za are the string charges,
Zab the membrane charges . . . etc. These charges belong to the Λ1, Λn, Λn+1, . . . rep-
resentations of En+1 [49-51], see table one. The x
a, z, za, zab, . . . are the coordinates of
the generalised space-time. As the l1 representation contains all the brane charges there
is a correspondence between the coordinates of the generalised space-time and the brane
charges. The non-linear realisation E11 ⊗s l1 largely specifies the generalised geometry
corresponding to this generalised space-time.
It is intriguing that the point particle, string and membrane representations of En+1
contained in the l1 representations are just the ones that show up in the automorphic forms
that occur in string theory. Taking this together with our previous comments we find that
all the ingredients of higher derivative corrections can be found in the non-linear realisation
of E11 ⊗ l1. This is at least consistent with the possibility of an E11 ⊗ l1 formulation of
the higher derivative effective action. To construct E11 automorphic forms using the l1
representation is straightforward, at least at the naive level, as the construction of reference
[34] can be applied straightforwardly. Furthermore as we have explained above one can
write the space-time derivatives of the fields as part of the E11 Cartan forms. When
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considering the non-linear realisation of E11⊗s l1 one would expect the parts involving the
usual space-time derivatives, that is the derivatives of the fields, to rotate into the parts
involving the other parts of the l1 representation, that is the parts in the automorphic
form. However, it is not immediately clear how to construct all of the higher derivative
string effective action from the E11 non-linear realisation. While one might think that an
E11 invariant exists at each order in space-time derivatives one could dream that there
is an enlargement of the symmetry algebra that combines all orders in derivatives into
a single automorphic form. Another point to bear in mind is that the E11 ⊗s l1 non-
linear realisation leads in the context of supergravity theories, to equations of motion that
contain only one space-time derivative and it is not apparent how this could be generalised
to incorporate the higher derivative corrections.
The remaining problem in applying E11 to the low energy effective action is how to
reconcile the generalised space-time encoded in the E11 ⊗s l1 non-linear realisation with
the usual formulations of supergravity that involves just the conventional coordinates xµ of
space-time. The work of reference [53] suggested that even though the full theory was E11⊗
l1 invariant only part of the l1 representation occurred in the second quantised field theory.
In particular although the first quantised theory involved all of the l1 representation, the
choice of representation of the commutators that takes one to get from the first to the
second quantised theory required one to choose only part of the l1 representation. However,
one can make different choices of which part of the l1 representation one takes and these
should be equivalent and related by E11 transformations. The fact that automorphic forms
constructed from different representations are the same and so lead to the same theory
could be consistent with the above observation. Indeed one can view it as a kind of
uncertainty principle.
We note another similarity between the higher derivative effective action and the
E11⊗s l1 non-linear realisation. Dimensionally reducing a field theory on an internal space
and keeping all the Kaluza-Klein modes just expresses the original theory on the internal
space in an alternative, but equivalent form. The higher derivative corrections do keep a
knowledge of the Kaluza-Klein modes as they lead to some of the integer sums that occur
in the automorphic forms. Indeed, one can wonder if it is possible to reconstruct the higher
derivative corrections in d + 1 dimensions from those in d dimensions. This is a feature
the higher derivative corrections share with the E11 ⊗s l1 non-linear realisation where the
different theories, that is IIA , M theory, IIB and the theories in d ≤ 10 dimensions, just
correspond to different decompositions of E11 ⊗s l1; the count of fields and coordinates
being the same in the different theories.
Finally, we close this section by noting the underlying significance of determining the
automorphic forms. The type II supergravity theories are the complete low energy effective
actions for the type II string. The complete effective action would be known if we knew
the automorphic forms that occur as coefficients of the individual terms. However, these
automorphic forms are not the ones traditionally studied in that they are non-holomorphic.
For the automorphic forms that arise as coefficients of terms with a low numbers of space-
time derivatives, their non-holomorphic character is compensated for by the fact that they
are eigenvalues of the Laplacian and higher order Casimir operators. However, as we
previously mentioned little is known about the automorphic forms that occur in general,
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but one should expect that they do have a defining characteristic. Such a knowledge would
allow one to completely specify all effects of type II string theory, at least compactified on
a torus.
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D G Z Za Za1a2 Za1...a3 Za1...a4 Za1...a5 Za1...a6 Za1...a7
8 SL(3)⊗ SL(2) (3, 2) (3¯, 1) (1, 2) (3, 1) (3¯, 2) (1, 3) (3, 2) (6, 1)
(8, 1) (6, 2) (18, 1)
(1, 1) (3, 1)
(6, 1)
(3, 3)
7 SL(5) 10 5¯ 5 1¯0 24 40 70 -
1 15 50 -
10 45 -
5 -
6 SO(5, 5) 1¯6 10 16 45 ¯144 320 - -
1 16 126 - -
120 - -
5 E6 2¯7 27 78 ¯351 1728 - - -
1 2¯7 351 - - -
27 - - -
4 E7 56 133 912 8645 - - - -
1 56 1539 - - - -
133 - - - -
1 - - - -
3 E8 248 3875 147250 - - - - -
1 248 30380 - - - - -
1 3875 - - - - -
248 - - - - -
1 - - - - -
Table 1. The Brane Charge representations of the group, G, derived from the l1 representation of E11 [49-51]
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Appendix A: Non-linear Realisations
In this appendix we review the construction of non-linear realisations in a form suitable
to that used in this paper. We consider a group G with Lie algebra Lie(G). Lie(G) can
be split into the Cartan subalgebra with elements ~H, positive root generators E~α and
negative root generators E−~α with ~α > 0. There exists a natural involution, known as the
Cartan involution, defined by
τ : ( ~H,E~α)→ −( ~H,E−~α) . (A.1)
To construct the non-linear realisation we must specify a subgroup H (not to be confused
with the generators of the Cartan subgroup which are denoted by ~H). For us this is defined
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to be the subgroup left invariant under the Cartan involution, i.e. H = {g ∈ G : τ(g) = g}.
In terms of the Lie algebra Lie(H) it is all elements A such that A = τ(A).
The non-linear realisation is constructed from group elements g(x) ∈ G that depend
on spacetime that are subject to the transformations
g(x)→ g0g(x)h−1(x) , (A.2)
where g0 ∈ G is constant and h(x) ∈ H depends on spacetime. We may write the group
element in the form
g(x) = e
∑
~α>0
χ~αE~αe
− 1√
2
~φ· ~H
e
∑
~α>0
u~αE−~α , (A.4)
but using the local transformation we can bring it to the form
g(ξ) = e
∑
~α>0
χ~αE~αe
− 1√
2
~φ· ~H
. (A.5)
Here we use ξ = (~φ, χ~α) as a generic symbol for all the scalar fields, which are functions of
spacetime, that parameterize the coset representative. Under a rigid g0 ∈ G transformation
g(ξ) → g0g(ξ) this form for the coset representative is not preserved. However one can
make a compensating transformation h(g0, ξ) ∈ H that returns g0g(ξ) into the form of
equation (A.5);
g0g(ξ)h
−1(g0, ξ) = g(g0 · ξ) . (A.6)
This induces a non-linear action of the group G on the scalars; ξ → g0 · ξ.
We will also need a linear representation of G. Let ~µi, i = 1, ..., N be the weights of
the representation and |~µi > be a corresponding states. We choose ~µ1 to be the highest
weight and so the corresponding state satisfies E~α|~µ1 >= 0 for all simple roots ~α. The
states in the rest of the representation are polynomials of F~α = E−α acting on the highest
weight state.
We consider states of the form |ψ >= ∑i ψi|~µi >. Under the action U(g0) of the
group G we have
|ψ >→ U(g0)|ψ >= L(g−10 )
∑
i
ψi|~µi >≡ (U(g0)ψi)|~µi >=
∑
i,j
Di
j(g−10 )ψj|~µi > , (A.7)
where L(g0) is the expression of the group element g0 in terms of the Lie algebra elements
which now act on the states of the representation in the usual way. We note that the
action of the group on the components ψi is given by ψi → U(g0)ψi =
∑
j Di
j(g−10 )ψj
which is the result expected for a passive action. The advantage of using the states to
discuss the representation is that we can use the action of the Lie algebra elements L(g0)
on the states to compute the matrix Di
j of the representation and deduce properties of
the representation in general.
Given any linear realisation, we can construct a non-linear realisation by
|ϕ(ξ) >=
∑
ϕi|~µi >= L(g−1(ξ))|ψ >= e
1√
2
~φ· ~H
e
−
∑
~α>0
χ~αE~α |ψ > , (A.8)
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where g(ξ) is the group element of the non-linear realisation in equation (A.5). Under a
group transformation U(g0) it transforms as
U(g0)|ϕ(ξ) > = L(g−1(ξ))U(g0)|ψ >= L(g−1(ξ))L(g−10 )|ψ >
= L((g0g
−1(ξ))|ψ >
= L(h−1)|ϕ(g0 · ξ) > ,
(A.9)
using equation (A.2). In terms of the component fields we find that ϕi(ξ) =
∑
j Di
j(g−1(ξ))ψj
and U(g0)ϕi(ξ) =
∑
j Di
j((h)−1)ϕj(g0 · ξ).
Appendix B: The decomposition of the simple roots and weights of En+1
In this paper we carry out the decomposition of certain representations of En+1 into
those of SL(n) ⊗ GL(1) ⊗ GL(1). The En+1 algebra that appears in the dimensional
reduction of the IIA theory on an n − 1 torus to d dimensions appears, from an E11
perspective by deleting node d in the E11 dynkin diagram.
11
•
|
• − . . . − ⊗ − . . .− • − • − • − •
1 d 7 8 9 10
Figure 4. The E11 Dynkin diagram appropriate to the
d-dimensional maximal supergravity theory
The Dynkin diagram of the remaining En+1 internal subalgebra resulting from deleting
node d in figure 4, where nodes (d+1),..., 11, become 1,...,(n+1) is then given in figure 5.
n+ 1
•
|
• − . . .− • − • − • − •
1 n− 3 n− 2 n− 1 n
Figure 5. The En+1 Dynkin diagram of the internal subalgebra
arising from deleting node d in the E11 Dynkin diagram
However, we can also delete nodes n and n+ 1 of this Dynkin diagram. The deletion
of nodes n and n + 1 leads to the algebra SL(n) ⊗ GL(1) ⊗ GL(1). In this appendix we
will find how the roots and weights of En+1 in terms of those of SL(n)⊗GL(1)⊗GL(1).
Let us carry out the decomposition by first deleting node n to find the roots and
fundamental weights of Dn and then delete node n + 1 to find the algebra SL(n). Using
the methods given in reference [54], the simple roots of En+1 can be expressed as
~αi = (0, α˜i) , i = 1, ..., n− 1, n+ 1 ~αn =
(
x,−λ˜n−1
)
(B.1)
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Here α˜i, i = 1, ..., n are the roots of Dn and λ˜i its fundamental weights which are given by
~Λi =
(
λ˜i · λ˜n−1
x
, λ˜i
)
, i = 1, ..., n− 1, n+ 1 ~Λn =
(
1
x
, 0
)
(B.2)
The variable x is fixed by demanding that α2n = 2 = x
2 + λ˜
2
n−1.
We now delete node n to find the An−1 algebra. The roots of En+1 are found from
the above roots by substituting the corresponding decomposition of the Dn roots and
weights into those of An−1. The roots of Dn in terms of those of An−1 are given by
α˜i = (0, αi) , i = 1, ..., n−1 and α˜n =
(
y,−λn−2
)
while the fundamental weights are given
by λ˜i =
(
λn−2·λi
y
, λi
)
i = 1, ..., n−1 and λ˜n+1 =
(
1
y
, 0
)
. Requiring α˜2n+1 = 2 gives y
2 = 4
n
We then find that the roots of En+1 are given by
~αi = (0, 0, αi) , i = 1, ..., n− 1,
~αn =
(
x,−λn−2 · λn−1
y
,−λn−1
)
,
~αn+1 =
(
0, y,−λn−2
)
(B.3)
The fundamental weights of En+1 are found in the same way to be
~Λi =
(
ci
x
,
λn−2 · λi
y
, λi
)
, i = 1, ..., n− 1,
~Λn =
(
1
x
, 0, 0
)
,
~Λn+1 =
(
n− 2
4x
,
1
y
, 0
)
. (B.4)
where ci =
i
2
, i = 1, . . . , n− 2 and cn−1 = n4 . As λ˜
2
n−1 =
n
4
we find that x2 = 8−n
4
.
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